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In this paper, we study the thermodynamical properties of the (2 + 1) dimensional black hole with 
a non-linear electrodynamics and without cosmological constant using the Generalized Uncertainty 
Principle (GUP). This approach shows that there is a maximum temperature for the black hole 
depending only on the electric charge and corresponding to the minimum radius of the event horizon, 
of the order of the Planck scale. Finally, we show that the heat capacity for this black hole has the 
- - - expected behavior. 
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I In (2 + 1) dimensional gravity, the charged black hole (static BTZ solution) has an electric field that is proportional 

• to the inverse of r, hence its potential is logarithmic. If the source of the Einstein equations is the stress-energy tensor 

CO ■ of non-linear electrodynamics, which satisfies the weak energy conditions, one can find a solution with a Coulomb-like 

, electric field (proportional to the inverse of r^). This kind of solution was reported by Cataldo et. al. and describes 

^ charged- AdS space when considering a negative cosmological constant. 

O ' The thermodynamical properties of black holes are associated with the presence of the event horizon. As shown 

O^' recently the threedimensional black hole with nonlinear electrodynamics satisfies a differential first law with the 

^ usual form 
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' However, in recent years the uncertainty relation that includes gravity effects, known as the Generalized Uncertaintly 
OO ', Principle (GUP), has shown interesting results in the context of black hole evaporation extending the relation 
i between temperature and mass to scales of the order of the Planck lenght, Ip — 1.61 x 10~'^^cm. This treatment 
I has shown that Ip is the smallest length scale in the theory and it is related to the existence of an extreme mass 
(the Planck mass rup = 1.22 x lO^^GeU, which becomes the black hole remnant), that corresponds to the maximum 
possible temperature. 

In this paper we investigate the thermodynamics of the three-dimensional black hole with a nonhnear electric field 
reported in to show how the GUP can be used to calculate the Hawking temperature associated with the black 
hole. The T (M) equation gives the usual relation for small masses but gets deformed when the mass becomes larger. 
We also show how there is a maximum temperature for the black hole that corresponds to a horizon with size in the 
Planck scale. Finally we calculate the heat capacity for this black hole, to show that it has the right physical behavior. 

I. THE 3-DIMENSIONAL BLACK HOLE WITH NON-LINEAR ELECTRODYNAMICS 

The metric reported by Cataldo et. al. [l| is a solution of the (2 -I- 1) dimensional Einstein's field equations with a 
negative cosmological constant A < 0, 

G^. + Ay^, = 87rGr^,. (3) 
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dM = TdS + ^dQ, (1) 
where T is the Hawking temperature that can be expressed in terms of the surface gravity at the horizon k by 
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To obtain a Coulomb-like electric field, Cataldo et. al. used a nonlinear electodynamics. In the non-linear theory, the 
electromagnetic action / does not depend only on the invariant F = jF^^^F'^'^, but it can be a generalization of it, 
for example 



'^xyMiF^^.Fnr (4) 



where p is some constant exponent. If the energy- momentum tensor is restricted to be traceless, the action becomes 
a function of F'^/*, and the static circularly symmetric solution obtained has the line element 



ds'^-f{r)dt' + ^^+r^d^\ (5) 



where 



3r 

The electric field for this solution is 



/(r) = _M-Ar2 + ^^. (6) 



Eir) = ^, (7) 

which is the standard Coulomb field for a point charge. The metric depends on two parameters Q and M, that are 
identified as the electric charge and the mass, respectively. The horizons of this solution are defiened by the condition 

/ (r) = (8) 

or 



-M-Ar^ + - 0. (9) 

However, if we consider a zero cosmological constant, A = 0, the resulting black hole has interesting properties. 
The line element becomes 



that shows how this spacetime is asymptotically flat. Note that this charged black hole has just one horizon, located 
at 



The Hawking temperature for this black hole is given by the usual deflnition ^ , where the surface gravity can be 
calculated as 



n^xix^a, (12) 

with a, the magnitude of the four-acceleration and x, the red-shift factor. In order to calculate x, we will consider 
a static observer, for whom the red-shift factor is just the proportionality factor between the timelike Killing vector 
K'^ and the four- velocity y , i.e. 



(13) 



The metric |[5|) has the KiUing vector 



while the four-velocity is calculated as 



^" = (1,0,0) 



dx^' f dt 



This gives 



= (r '(0,0,0) 

and therefore, the red-shift factor is 



-M 



,0,0 



X [r) = \ -M + 



3r 



On the other hand, the four-acceleration is given by 



that has components 



i° = a^ = 



2GQ2 
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and therefore, the magnitude of the four-acceleration is 



2 GQ^ 

.3 r2 



-M 
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Then, the surface gravity at the event horizon is given by the absolute value 



2GQ2 



3 r2 



2GQ^ 3M 



/f2 



and the Hawking temperature is. 



T = 



37rr^ 167rGQ2 
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II. HAWKING RADIATION AND THE GENERALIZED UNCERTAINTY PRINCIPLE 

Now we will consider the GUP and the Hawking radiation derived from it. We will show how the GUP will produce 
a deformation in the temperature-mass relation when considered close to the Planck lenght. As stated by Adler and 
Santiago |f3| the GUP is given, in units with c= 1, by the relation 

AxAp >h + Gh {Apf . (25) 
where G is the gravitational constant and H is the Planck constant. Since the Planck lenght Ip can be written as 

ll^Gh^^^, (26) 
where nip is the mass of Planck, the GUP can be written as 

AxAp >l + ll {Apf , (27) 

or 

AxAp>l + ^^, (28) 

in units with h — 1. To apply this uncertainty principle to the black hole evaporation process consist in identifying 
the Ax with the event horizon radius rn and the momentum Ap with the Hawking temperature up to a 27r factor 
Therefore, we can write the GUP as a quadratic equation for the temperature, 

47r2r2 

rH2TrT = 1 + — (29) 

ml 

From which it follows that the temperature-mass relation is 



T (M) ^ 



/ 9M2m2 



(31) 



where we have chosen the plus sign of the root in order to obtain the black hole temperature (|24l) in the limit of small 
M. Note that the argument in the square root defines a maximum mass for the black hole, 

20^ 

M"°^ = — . (32) 
3mp 

This mass gives, using equation (|24l) . the maximum temperature permited to the black hole, 

rpmax ^ (33) 

127r 

Equation (fTTj) implies that the black hole with the maximum temperature has an event horizon with a minimum 
radius 
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r'S'"^ = — = 2L. (34) 
nip 

Therefore, we conclude that th can not be smaller than twice the Planck lenght. On the other hand, the heat capacity 
for the A = black hole can be calculated using equation l(3T|) , 




Since the heat capacity of this black hole is always negative, < 0, the behavior of T is the expected, as M 
increases, the temperature decreaces. 



III. CONCLUSION 



We have studied the thermodynamics of the (2 + 1) dimensional black hole with non-linear electrodynamics and 
without cosmological constant using the Generalized Uncertainty Principle. This gives a maximum mass for the black 
hole, that corresponds to a maximum Hawking temperature depending only on the electric charge Q. The solution 
with the maximum temperature is obtained when the black hole has a size of the order of the Planck scale (minimum 
horizon). 

Equation l(3T|) gives the temperature-mass relation, and as is shown, it gives the standard Hawking temperature 
(|24l) for small masses, but gets deformed for masses close to M"^""^ . Finally, the heat capacity of this black hole is 
negative, giving the right physical behavior. 

This analysis confirms that Planck lenght seems to be the smallest lenght in nature, even in (2 + 1) dimensions. In 
a forthcoming paper, consequences of the GUP in the (2 -I- 1) dimensional black hole with non-lineal elctrodynamics 
and non-zero cosmological constant will be discussed. 



[1] M. Cataldo, N. Cruz, S. del Campo and A. Garcia. Phys. Lett. B 484, 154 (SOOO) 

[2] A. Larranaga and L. A. Garcia. arXiv: 0811.3368 [gr-qc] 

[3] I. Arrant, D. Batic and M. Nowakowski. arXiv: 0810.5156 [gr-qc] 

[4] R. J. Adler and D. 1. Santiago. Mod. Phys. Lett. A14, (1999) 1371 

[5] Y. S. Myung, Y. W. Kim, Y. J. Park. Phys. Lett. B645 (2007) 393-397 



